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Abstract—An orthogonal collocation solution of the penetrating evaporation front model for finite one-

dimensional slab geometry is presented. Instead of using the moving boundary tracking technique, the

transformation method proposed by Liapis and Litchfield was employed. Numerical experiments indicate

that this procedure is more efficient than the finite difference method. Results given by this model are in
good agreement with experimental findings.

INTRODUCTION

THE PENETRATING evaporation front model (PEFM),
proposed originally in 1929, describing heat and mass
transfer processes in capillary porous bodies during the
falling drying rate period, has been studied, improved
and verified experimentally by others, i.e. Luikov 1, 2]
and Szentgydrgyi [3].

Unfortunately, it is not easy to solve the equations
of this model and it needs considerable mathematical
skill or too much computational effort.

For half-space geometry Gupta [4] published an
approximate solution, and later Mikhailov [5] pre-
sented an analytical exact solution. For finite slab
geometry SzentgyOrgyi and Molnar [6] suggested a
numerical procedure employing the moving boundary
tracking technique (MBTT) combined with the finite
difference method (FDM).

In this paper the orthogonal collocation technique
(OCT) will be used to calculate temperature and
moisture content distributions provided by PEFM.
The reader can find detailed information on this
numerical method in the excellent book by Finlayson
[8]. The method itself has already been applied to the
moving boundary problem concerning freeze drying
by Liapis and Litchfield [9].

It can be shown that OCT is very efficient for solving
the more complex PEFM problem too. This method
opens the way for economical and practical engin-
eering applications of this model.

PENETRATING EVAPORATION
FRONT MODEL

During the falling drying rate period, when the
moisture content falls down below a critical level, u,,,
the liquid transport is practically stopped. Conse-
quently the phase change criterion, ¢, jumps up to 1
discontinuously. A shock wave defined by the critical

moisture content starts to penetrate into the wet
material. If we suppose that behind this moving front
the vaporization is so vigorous that no free liquid
exists there, only bounded moisture content char-
acterized by the equilibrium value, u., depending on
the state of drying gas, we get the PEFM, see Fig. 1.
This physical model proved to be more realistic than
the original Luikov model, especially for modelling
drying of granular substances.

The PEFM can be defined by the equations given
below.

Region 1

Because there is no liquid transport behind the
evaporation front, the heat transport can be described
as
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The vapour diffusion process has a very small time
constant, therefore a quasi-steady state approach may
be used

D,
NwI = ? (pwf “pws)' (2)

Region 11
Here the original Luikov modetl can be considered,
namely
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The boundary conditions are given below.
(a)Atz=0
aT,
ac(Tg—Ts) = _}“la_zl (5)

1871



1872 B. PALANCZ

NOMENCLATURE
a diffusivity [m?s™] & phase change criterion
Ay, A; elements of the collocation matrices & thickness of the jth finite element [m]
Aand 4 1, i, ¢, ¥ dimensionless space coordinates
b refcy, [°Cl ¢ position of the evaporation front [m]}
By, E elements of the collocation matrices A conductivity, mass [kg m~' s '], heat
"Band B Wm~'°C™]
n specific heat capacity [Ws kg™ ' °C™] pe  total density of solid [kg m™?]
d.(t) functions in the temperature profiles [°C] o evaporation coefficient [s m~1]
D,  diffusion coefficient of vapour [m?s™] v wetting coefficient.

e{f) functions in the moisture content profiles

i specific enthalpy [W s kg™ ']
L thickness [m]
M number of the inner collocation pointsin  Subscripts
Region | c convective
N evaporation rate (kg m~*s™ ] cr critical value
p pressure [N m~7] g gas
r evaporation heat [W s kg™'] h thermal
t time [s] 1 liquid
T temperature [°C or K} m mass
T  (T,+T.w2[K] s solid surface
u moisture content [kg moisture/kg dry w vapour
solid] wb  wet bulb
X space coordinate {m]. ¢ evaporation front
0 initial value
Greek symbols I,II properties in Regions I and 1,
o heat transfer coefficient [W m~2°C~!] respectively.
Dy where
O (Pus ng) ¢ (P —Pus) ©) m = vp, (e, — ). ©)
(b) At z = . The mass balance for the evaporation At the front the moisture content remains constant,
front gives (see Fig. 2) namely
VPt =) S = e ) it = e 0
The partial vapour pressure can be computed from
Assuming that behind the front ¥ = u,, we get the tension curve relationship
Nye = m‘f +ed, 6(;'2“ ®) log o = 2.7486+ 23755}@ . (11
Pu=0 Pug
7=0 Ty u=0Q
R rree—
i i
! !
| 9 ;
i " :
; 7:0 | Region [
U T
i X“f"i‘.’.% 2e€ _-:_ ii”:f \/"wf G
: €<l |
i Vopour iRegion T \-u
| rn/ ot 1 Region n
i liquid :
Z=L
\Tb

FiG. 1. Penetrating evaporation front model.
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FiG. 2. Mass and heat balances for the moving front.
Because of the quasi-steady state approach for Region  from equation (16) one can get at x = L
I
er
Ny: = Nt (12) rm(f),m, = 0Ty —T) = An - e @n

The heat balance for the evaporation front vields (see
Fig. 2)

Oty

L dé ) a7,
WPu(ty e 7 = Fon by

T,
[ Ny — Ay a"} (13)

considering equation (8) and that

r=iy—i (14)
one may get
P
( —ed,, a““) = Ia g LIS 54 (15)
or
d¢ Oty aT,
= e ThG (16)
©Atz=L
0Ty  Ouy
Tz " Y (a7

Initial conditions for the evaporation front model
The falling drying rate period begins and the evap-
oration front starts to penetrate at 7 = ¢, when

u(0, 1) = 1.

(13

This equation defines the time point, from which the
model is supposed to be valid. For t <« ., one may
use the standard Luikov model [10]. Then at ¢t = ¢,
we get

ull(z3 tcr) = u(L-—x, tcr) (19)
and

Tulz,t.) = T(L—x,t,). 20

The velocity of the penetration front at £ = ¥, can be
calculated by ‘joining’ the two models for £ = .. Then

SOLUTION OF THE MODEL

In order to ‘immobilize’ the moving evaporation
front, let us introduce two dimensionless space vari-
abies

z

p=i $=1T% O<wes<i (@

Using the transformation proposed by Liapis and
Litchfield [9], it can be written :

for equation (1)

oT d¢ o1y, @ O°T
HEa e VSl @
for equation (3)
0Ty _1-9df aTy ay 0Ty
ot TL=Edt 0 " (L—9° 3¢’
a.b 0’u
“***(‘m“)*f—a‘b—?, C<p<l; (24
for equation (4)
ou_1-¢df 0wy an
ot L—tdt 8¢  (L—&)?
2
X%-g, 0<g<1; (25
for equation (8)
dfﬁ A Ot
Nug=my, + 775 8; $=0;  (26)
for equation (5)
Ay 0T,
W(T=T)==7 50 w=0; @)
for equation (16)
d'f "{H aTn /11 6‘1}
TIE = = o e s e
&t L-¢ 3¢ & o
u=1 and ¢=0. (28)
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In order to apply orthogonal collocation, let us intro-
duce

y=1-¢ and n=1-p 29)

The temperature and moisture content distribution
can then be approximated by the following poly-
nomial functions:

Region I
M+ 2 )
Tim= Y don ', 0<sy<1; (30)
i=1
Region II
N+ .
Tu(y, D)= ), dy (" (31
i=1
N+1 .
un(Y, 1) = Y, en (Y, (32)
i=1
Oy <Ll
Our collocation equations are now :
RegionI:atn=1;,;=23,... M+1
dT} ) 1 —n; E M+ 2 M+2
d{J z . a kzl jtcTuc'f‘ Z IcTI.Ic
(33)
where
T=T: and Ty p=T;; (34)
RegionIl:atyy =y, i=1,2,...,N
du y l/l dé N+t O N+l
d—]tl= “I—Zdr ‘; Auting+ 53 T-0 Z By i
(35)
dTy, Y, d&Nd
i T L-idt B A"‘T“”(L 5
N+ 1 b N+1
x Z BileI,k+ )z Z lkullk (36)
k=1
where
Tuner =T and  uppnyy = . 37
Boundaries
aty=1,j=M+2
. M+ 2 -
a(Ty~T5) = E kZl AprxTix (38)
aty =1Li=N+1
d 3.2, N+1
N, = df - 5 Z Ay a1t (39
aty=landn=0;i=N+1,j=1
d{ _ l" N+2
e TR -
A‘ M+2 -
+5 Y AT (40)
k=1
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We now have 2N + M+ 1 differential equations, equa-
tions (33), (35), (36) and (40), as well as five algebraic
ones, equations (2), (6), (11), (38) and (39). The
unknown variables are: Ty, j=2,...,.M+1; Ty,
and wy;, i=1,2,...,N; & Ty, Ty, Pug, Pus and Ny,

Equation (11) is nonlinear, therefore the following
iteration procedure may be used to solve the algebraic
equations:

(a) guess T;
(b) compute p,,; from equation (11);
(c) compute p,,, from equation (6)

_ opwg€+D[pwf .

Pus = G’f-}-D‘ k] (4‘1)

(d) considering equations (2), (6) and (12), compute
Nee

Nwé = a(pws —ng) H (42)

() compute ¢ from equation (39)

dé 1 & N+1
@“sm [Nwﬁ- LZE, )y AN+1,kun,k}; 43)
=1

(f) compute T, from equation (38)

; M+ -
0‘ch‘€ Z ApraxTi

k=1 R
Ts - A] bl

ac+AM+2M+2 ¢

44
(g) our guess for T: can be checked by equation
(40)

¢ in ¢
Tg (rmdt+ _ékzz‘,!AN{»t,kTH,k

,1 M2 p !
< Z Allek)/(gAll LnéAN+!N+1)

(45)

At t = t,, we can compute (£),_, from equation (21),
which is in collocation form
Nt 1

A
rm(f)lalc, = ac(Tg—' Ts)_. zh Z AN+ l,i]_vi' (46)
i=1
To start the computation with the penetrating front
model, we have to ca}culate a penetration distance &,
which belongs to (£),_, and defined by equations

(41)-(45).

NUMERICAL STUDY

Let us illustrate the application of this modelling
and simulation procedure by the following example.

The numerical data for the calculation are given in
Table 1.

Now, let us employ the one-point collocation in
both regions, M = N = 1. The profiles are approxi-
mated by the following second-order polynomial



Solution of the penetrating evaporation front model

1875

Table 1. Data used for numerical calculation

T, = 45°C = 2.633x 10"
Pug = 153837 N m~2
r-23!82x10"Wskg‘l

= 1980 Wskg~! °C-!

ah—- 3.292x 10~ m2 sﬁl
A =093 Wm~'°C'
I =395x10""kgm~'s~!

2—]

pu =900 kgm~?

=D J(R.T) = 4.1675x10-"°s
Jy=073Wm~'°C-!
@ =2361x10""m?s"!

=10.5Wm~? °C ! U, = 0.2 kg moisture/kg dry solid An=hy
a-—62637x10 -t k= —244 ag = ay
e=0.1 ky=—11.2 v=1
L=0045m
functions : T (A T, +4,,T0)
C 31 32412
Ti(n,0) = d,(D+di (D +di;(Dn*, 0<n<1 (47) T, = il ) i (53)
T, (Y, 8) = dy, () +dy (Y o+ éZSS
un(@, ) = en,l(t)+e"'2(t)|//2, O<y <1 (48 and
The collocation points can be seen on Fig. 3. The & i
collocation equations are: T, = (rm L Hg Ay Tis— ( A0,Too + E.3Ts> /
atn, =0.5
A A
dT, 1 dé - v - A Ay, ). (54
d;l: _ﬁd‘t(Alec'*‘Azle,z'FAuTs) (é nTp_goe (54)
a  ~ 5 ~ At t = t,, we may use the linear approximation to
+ & (B21 T+ B2, T, + By T); (49)  find T\,(t..), namely
aty, = 0.4472 Tl,l(tcr) = (T, + T<:)/2~ (55)
Matrices 4 and A4 are given in Table 2.
dT; _ 0. 4472 d
dm =-7-F 7 df ATy, +4,,T) In Region I the temperature profile can be cal-
t < culated as
(L 5)2 (B Ty, +B,,T;) Ti(n,0) = T+ 8T, (O 3T ()~ T. ()l
+RT(N) 4T () +2T (0", M =1 (56)
anb
+ -9 (Buiu, +Biata) (50)  where the coefficients dy, (1), i=1,2,...,M+2 are
determined by the equation system
duy O 4472 d¢ M2
— = Ay + Ay, Al .
dr L-¢ ¢ de PTG 120hr) T =T, 0) = Z d (!,
i=1
(L é)z(Bllulll+Blzucr) 1) J=12,....M+2. (57)

Now, equations (43)—(45) have the following form :

d¢ 1 EAm
a'—‘;[N L é(Anum"'Alzucr):l (52)
¥- 04472 v,
1’| 772=é— 773
I t + } -
z=L z:=§ 2:=0
a=l u=0
$=1 $:=0
n=0 n=!
¥=0 y=1

FiG. 3. Location of the collocation points in different coor-
dinate systems.

Computations were carried out with the standard
Luikov model [10] until u,(f) = u., = 0.2. Then the
penetrating evaporation front model was used. The

results of these computations can be seen on Figs. 4-
9.

Table 2. Coefficients of collocation matrices [8]

For Region I:

-3 4 -1 4 -8 4
A=|-1 K 1y, B={4 -8 4
1 —4 3 4 -8 4

For Region 11
4= —1.118 1.118 _ [ —2.500 2.500
T\ —~2.500 2500/’ T\ —2.500 2.500
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,/ F16. 6. Vapour partial pressure history at the solid surface

o5 — t+245590 and at the moving front during the drying process.
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FiG. 4. Temperature distribution.
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Figures 7 and 8 show close similarities to the solu-
tion obtained for the half-space geometry [4, 5].

Figure 9 shows, that the sorption isotherm model
[7], estimates of higher evaporation rate than the evap- 2 -
oration front model and therefore somewhat lower
wet material temperature. The main difference e
between the two models is in the predicted moisture
content profiles. Figure 10 compared with Fig. 7 in
ref. [11] indicates very good qualitative agreement % 3!0 S

t{h}
‘::f;jll————————""“‘-—*"-_--_--
03 t=13h

t=24.58h

e |

€ x10% (m)

F1G. 7. Position and velocity of the moving evaporation front
vs time.

u
°
~
=
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" w "
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18 !
(3 20 40 €0 80 100
{ | 1 - t{h)
Ot 02 0.3 o4 ; . .
° Z {dm) Fic. 8. Temperature history at the solid surface, —;
and at the bottom of the slab, ———; and at the moving

Fi1G. 5. Moisture content distribution. front,
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16—
Sorption isotherm
model
12
¥
[ T~ Evaporation front
o 8 model
x
13
<
4}
| | | ] 1 |
o 20 40 60 80 100 120

tih)

Fi1G. 9. Total evaporated moisture from 1 m? solid surface vs
drying time, computed on the basis of the two different

models.
1.5
E
-
-
o
» [} ot
B
>
o5l j 1 | N
o ! 2 3 L} 5
£ x10% (m)

FiG. 10. Reciprocal values of the velocity of front movement
vs front depth.

between the results of the PEFM and experimental
findings {11].

CONCLUSIONS

A penetrating evaporation front model was
developed and solved for finite slab geometry. The
orthogonal collocation technique provided a very
simple and practical method to solve the model equa-
tions. Consequently, one does not need to employ un-
necessary physical or geometrical simplifications, or

1877

special mathematical skill to solve the drying problem
in the falling rate period.

Comparing numerical results and experimental
findings, even a few collocation points proved to be
satisfactory for giving a good approximation.

The method can be easily adapted to other geome-
tries too [12].
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SOLUTION DU MODELE DE FRONT D’EVAPORATION MOBILE DANS UN MILIEU
POREUX FINI PAR UNE METHODE DE COLLOCATION ORTHOGONALE

Résumé—On présente une méthode de collocation orthogonale pour traiter le modéle de front d’évapo-

ration pénétrant dans une géométrie monodimensionnelle de couche. Au lieu d’utiliser la technique de

frontiére mobile, on a recours 4 la méthode de transformation proposée par Liapis et Litchfield. Des

essais numériques montrent que cette procédure est plus efficace que la méthode aux différences finies. Les
résultats donnés par ce modeéle sont en bon accord avec les données expérimentales.

EIN MODELL MIT WANDERNDER VERDAMPFUNGSFRONT IN ENDLICHEN
POROSEN KORPERN—LOSUNG MIT DER ORTHOGONALEN KOLLOKATIONS-
METHODE

Zusammenfassung—Es wird eine orthogonale Kollokationslosung des Modells der wandernden Ver-

dampfungsfront in einer begrenzten eindimensionalen Scheibe vorgestellt. Anstatt die Abgleichmethode

fiir bewegte Berandungen zu benutzen, wurde die von Liapis und Litchfield vorgestellte Trans-

formationsmethode benutzt. Numerische Experimente zeigen, daB diese Vorgehensweise aussichtsreicher ist

als die Finite-Differenzen-Methode. Ergebnisse aufgrund dieses Modells stimmen gut mit experimentellen
Daten iiberein.
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ONPEAEJIEHUE ABUXEHHS ®POHTA HMCIAPEHHUSA 11 KOHEYHON MOPHUCTOMN
CPE[bI C MOMOIIbIO METOJA OPTOI'OHAJIbHBIX KOJUJIOKALIUIA

Amorauss—MeTOIOM OpPTOrOHANbLHBIX KOJUIOKaLHMH MOJIYYEHO pelleHHe 3aJauyd O ABHXYLIeMCA

¢$ponTe MCIapeHHs MU IUIOCKOH NOPHCTOlH miuacTHHbL. TIpH peleHUH MCNOb30BAJICA METOH, Mpeao-

wennblit Jlaltanucom u JIntupungom. YncneHHble IKCIIEPUMEHTBI MOKA3AMH, YTO MPEMIOKEHHAS METO-

nuka 6osee apdekTHBHA, YeM METOR KOHEYHBIX pasHocTel. Pe3ynbTaThl, Nosy4eHHbIE C MOMOINBIO 3TOH
MOZEJH, XOPOLUO COTJIACYIOTCA € IKCIIEPUMEHTAILHBIMH HaHHBIMH.



